We find exact energy eigenvalues and eigenfunctions of the quantum bouncer in the presence of the minimal length uncertainty and the maximal momentum. This form of Generalized (Gravitational) Uncertainty Principle (GUP) agrees with various theories of quantum gravity and predicts a minimal length uncertainty proportional toh √ β and a maximal momentum proportional to 1/ √ β, where β is the deformation parameter. We also find the semiclassical energy spectrum and discuss the effects of this GUP on the transition rate of the ultra cold neutrons in gravitational spectrometers. Then, based on the Nesvizhevsky's famous experiment, we obtain an upper bound on the dimensionless GUP parameter.
Introduction
The existence of a minimal length uncertainty is one of the common aspects of various theories of quantum gravity such as string theory, loop quantum gravity, quantum geometry, and black-hole physics. All these proposals predict a minimum measurable length of the order of the Planck length ℓ P = Gh/c 3 ≈
10
−35 m where G is the Newton's gravitational constant. In recent years, many papers have appeared in the literature to address the effects of the minimal length on various physical systems in the framework of the Generalized Uncertainty Principle (GUP) [1] [2] [3] .
Recently, several approaches have been developed for testing the effects of quantum gravity which range from astronomical observations [4, 5] to table-top experiments [6] . We can mention the proposal by Amelino-Camelia and Lammerzahl that explains puzzling observations of ultrahigh energy cosmic rays in the framework of (quantum gravity) modified laws for particle propagation [7] . The usage of high intensity Laser projects for quantum gravity phenomenology is also suggested by Magueijo in the context of deformed special relativity [8] . Pikovski et al. have proposed a direct measurement scheme to experimentally test the existence of a minimal length scale using a quantum optical ancillary system [6] .
They probed possible deviations from ordinary quantum commutation relation at the Planck scale within reach of current technology. These progresses could shed light on possible detectable Planck-scale effects.
On the other hand, Doubly Special Relativity (DSR) theories essentially require the existence of a maximal momentum [9] . A GUP proposal which is consistent with these theories is discussed in
Refs. [10, 11] . Moreover, another GUP scenario which agrees with the seminal proposal by Kempf,
Mangano and Mann (KMM) [12] to first order of the GUP parameter is recently proposed in Refs. [13] .
The latter GUP model implies the noncommutative geometry, i.e. [X i , X j ] = 0, and predicts both a minimal length uncertainty and a maximal momentum proportional toh √ β and 1/ √ β respectively, where β is the GUP parameter. Various problems such as the free particle, particle in a box, harmonic oscillator, black body radiation, cosmological constant, maximally localized states, and hydrogen atom have been previously studied in this framework [13, 14] .
The quantum stationary solutions of the Schrödinger equation that describes particles bouncing vertically and elastically above a horizontal reflecting mirror in the Earth's gravitational field is wellknown theoretically. However, the experimental realization of this phenomenon is so difficult due to two main reasons. First, for the macroscopic objects the gravitational quantum effects are negligible.
Also, the electromagnetic interaction has the dominate role for the charged particles. Thus, we need to perform the experiment using neutral elementary particles with a long lifetime such as neutrons. This famous experiment has been demonstrated a few years ago by Nesvizhevsky et al. using a high precision neutron gravitational spectrometer [15] . Notice that, the perturbative effects of the minimal length and/or maximal momentum on the quantum bouncer spectrum are studied in Refs. [11, 17, 18] . In the context of the KMM GUP where there exists just a minimal length uncertainty this problem is exactly solved in Ref. [19] .
The generalized uncertainty principle
Consider the following deformed commutation relation that implies both a minimal length uncertainty and a maximal observable momentum [13] [
where β = β 0 /(M P c) 2 is the GUP parameter, M P is the Planck mass and β 0 is the dimensionless GUP parameter. Note that the maximal momentum is introduced kinematically without breaking translation invariance. It is worth mentioning that this invariance will be broken in the presence of the minimum momentum uncertainty namely by introducing position operator on the right hand side of the canonical commutation relation (CCR) [20] . This is due to the fact that the minimum momentum uncertainty can arise from curvature, as it is shown in Ref. [21] . To avoid the singularity problem we need to write out that rational term on the right hand side of Eq. (1) as a geometric series. Then the singularity of the denominator becomes a finite radius of convergence of the geometric series. Otherwise, we face with the issue that the momentum can also be larger than the cutoff. Basically, we get three irreducible representations of the CCR, one with the momentum confined to the desired range, one with the momentum confined to above and the other with the momentum confined to below. A similar issue arises when a momentum cutoff is introduced dynamically in the action [22] .
It is straightforward to check that the above commutation relation results in the generalized uncertainty relation ∆X∆P ≥h
In the momentum space representation, X and P can be written as
Using the symmetricity condition for the position operator the completeness relation and the scalar product are given by ψ|φ =
√ β dp 1 − βp 2 |p p| = 1 and the normalized (unphysical) eigenfunctions of the position operator in momentum space read p|x
, where x denotes the eigenvalues of X [13] .
3 The quantum bouncer
Now consider a particle of mass m which is bouncing vertically and elastically on a reflecting mirror.
The potential is
where g is the acceleration in the Earth's gravitational field. In the absence of GUP, i.e. β = 0, this problem is exactly solvable and the solutions are given by the Airy functions. Also, the energy spectrum correspond to the zeros of the Airy function. In the semiclassical approximation, the Bohr-Sommerfeld formula gives the approximate energy levels as E n ≃ which provides almost exact results even for the low quantum levels.
The generalized Schrödinger equation now reads
In the momentum space and using Eqs. (3,4) we obtain
where prime denotes the derivative with respect to p. The solution is
where α −1 = 2m 2 g. Now, using the identity operator, the wave function in coordinate space is given by
x|p φ(p)dp,
φ(p)dp. So in terms of the new variable z = x − E mg we find
To proceed further, let us define the dimensionless variablesz = z/l,p = p/k, andβ = k 2 β, where l and k have dimension of length and momentum, respectively, and kl =h. So the wave function reads
Because of the Dirichlet boundary condition at x = 0, the energy eigenvalues are given by E n = −mglz n wherez n are given by ψ(z) zn = 0. Now we set k = and the energy eigenvalues can be written
n , where in the absence of GUP (β = 0),z n are zeros of the Airy function and we obtain the energy spectrum of the quantum bouncer in ordinary quantum mechanics. Figure 1 shows the wave function ψ(z) forβ = {0, 0.1, 1} where its zeros correspond to the energy spectrum. Also, Table 1 shows the first ten quantized energies of the quantum bouncer in the absence of GUP and in the presence of the minimal length and maximal momentum. As it can be seen from the table, All energy levels satisfy Table 1 : The first ten quantized energies of a bouncing particle.
To explain this fact, let us study the classical dynamics of a particle To distinguish the effect of this GUP from the one studied in Ref. [19] , we should mention that because of the maximum momentum, the number of the eigenstates are finite and the energy spectrum consists of a maximum bound proportional to β −1 . As we shall see, in semiclassical approximation, we derive analytical relations for the number of states and the maximal energy for the quantum bouncer in this GUP framework.
The observation of spontaneous decays of excited states in Nesvizhevsky's experiment can be considered as the manifestation of the quantization of the quantum bouncer states in the presence of the gravitational field [16] . On the other hand, since the energy eigenvalues of this quantum system increases in the presence of the minimal length and the maximal momentum, the rate of these decays will be changed as a Planck-scale effect. The transition probability in the presence of the generalized uncertainty principle and in quadrupole approximation reads [16] Γ k−→n = 4 15
where ω kn = (E k − E n )/h is the angular frequency of the transition and
√ β dp φ * (p) d dp
is the quantum quadrupole moment for the transition k → n. Although the modification of the ordinary transition rate is expected to be small, the effects of the generalized uncertainty principle on the transition rate of ultra cold neutrons are hoped to be found in the future experiments.
The energy spectrum can be also estimated using the semiclassical scheme. In the classical domain, the Hamiltonian of the quantum bouncer is
and the Bohr-Sommerfeld quantization rule reads
Note that, since the wave function is exactly zero for x ≤ 0, but it can penetrate into the right hand classically forbidden region, we need to add the term −1/4 to the right hand side of the above equation.
The validity of the WKB approximation for this modified quantum mechanics in also discussed in Ref. [13] . Now, because of p dx = − x dp we have x dp = 1
So we finally obtain
where ǫ n = E n / mh 2 g 2 /2 1/3 . The zeroth-order solution coincides with the well-known semiclassical result, i.e., ǫ Table 2 : The exact and semiclassical energy levels of the quantum bouncer forβ = 0.2.
In Table 2 we have reported the exact and semiclassical energy spectrum of the quantum bouncer in the GUP framework forβ = 0.2. As Eq. (18) shows, the existence of the maximum energy is manifest in the semiclassical description of the problem. The maximal energy is given by the condition Notice that, because of β =β/k 2 , the dimensionless GUP parameter β 0 = (M P c) 2 β is given by
There are some upper bounds for β 0 in the literature based on the accuracy of current experiments [3] .
For instance, for the Lamb shift the upper bound is given by β 0 < 10 36 , and for the Landau levels we have β 0 < 10 50 . Also, for the scanning tunneling microscope the current experiments imply β 0 < 10 21 .
More accurate measurements can be used to test these upper bounds or further tighten these values. Now, based on the the exact quantum mechanical results and the accuracy measured for the ground state in Nesvizhevsky's experiment [15] , the upper bound readsβ < 0.2 or
The length scale corresponding to this dimensionless GUP parameter is ℓ GUP = √ β 0 ℓ P ≃ 10 29 ℓ P . The above upper bound is far weaker than that set by the electroweak scale, namely β 0 ≤ 10 34 
Conclusions
In this paper, we studied the problem of the quantum bouncer in the presence of the minimal length uncertainty and the maximal momentum. We solved the generalized Schrödinger equation in the momentum space and found the exact energy eigenvalues and eigenfunctions. We studied this problem semiclassically and showed that the number of solutions are finite and the energy is bounded from above. These effects are new and are absent in ordinary quantum mechanics and the KMM GUP framework. Also, the transition probability of the ultra cold neutrons in the presence of the generalized uncertainty principle and in quadrupole approximation is obtained. We finally found an upper bound on the dimensionless GUP parameter based on the Nesvizhevsky's experiment.
